Some moving boundary problems are considered for time fractional diffusion and explicit results obtained for the motion of planar boundaries, as well as cylindrical and spherical ones. The problem of spherical growth is generalized to include the case of a concentration dependent diffusion coefficient and solutions obtained for slow growth by the method of matched asymptotic expansions.
Introduction
We consider problems where a precipitate particle grows from zero size where matter is being provided (or taken away in the case of negative precipitation) by diffusion to the particle from the matrix phase. This problem has been considered by many authors for the standard diffusion equation with a constant diffusion coefficient (see e.g. Zener [8] , Frank [7] ). In the case when this diffusion coefficient is composition dependent, singular perturbation methods have been considered by Atkinson [1] , to deduce formulae for the growth of slowly, or fast, moving particles where c 2012 Diogenes Co., Sofia pp. 207-221 , DOI: 10.2478/s13540-012-0015-2 the growth is controlled by the supersaturation. We follow that analysis here but generalize the problem so that the diffusion is governed by a time fractional diffusion equation. We still allow the diffusion coefficient to be composition dependent. Thus the flux q has the form:
where C is the concentration and D is the composition dependent diffusion coefficient.
The standard diffusion equation can be derived from the condition that the change in concentration in a small control volume is equal to the difference of the flux in and out of this control volume. To get the time fractional diffusion equation we simply equate this flux difference to the time fractional change of composition in the control volume. Thus we obtain the equation:
where 0 < α < 1 is the fractional exponent and we use the definition of the Caputo fractional derivative [5, 6] (see equation (2. 2) below). In situations where D(C) = constant, equation (1.2) reduces to the linear time fractional diffusion case. For this special case, rational solutions and discrete spacetime fractional processes have recently been considered in Atkinson and Osseiran [2, 3] .
In the simplest growth model the particle grows because of the composition change in equilibrium at the particle/matrix interface and in the particle itself (assumed constant). Thus the change in composition multiplied by the time fractional change in the particle size is equal to the flux in and out of the particle. There is no concentration gradient inside the particle since the concentration is assumed constant there. Thus we get equation (2.1) below for the growth condition at the boundary.
Our main concern is with solving equation (1.2) with appropriate moving boundary conditions. We do this for the constant diffusion case for planar, cylindrical or spherical symmetries in section (2.2). For the variable diffusion case we consider in detail the case of a growing spherical particle when the growth rate is small. For this case advantage is taken of the singular perturbation character of the problem in order to derive an asymptotic expansion of the solution. This generalizes some of the methods described in reference [1] to the time fractional diffusion case.
Analysis

General equations
The following assumptions are made in the models considered:
(1) The precipitate particle, which is assumed to grow from zero size, is assumed to be of a constant composition (X 1 ). Matter is provided (or taken away in the case of negative precipitation, see ref. [8] ) by diffusion to the particle from the matrix phase. In the matrix phase the composition profile is determined as the appropriate solution of the time fractional diffusion equation, equation (1.2)
where C is the composition and D (which is a function of c) is the diffusion coefficient.
(2) The value of the composition in the matrix at the particle-matrix interface is assumed to be constant C 0 . Also, we write the diffusion coefficient at this interface as
The value of C at infinity (in the matrix phase), or at the initial stages in time, is assumed to be a constant (C ∞ ) .
(4) The growth of the particle will be determined by the flux of matter through the particle matrix interface. To be consistent with equation 1.2 as discussed in the introduction this is
where R 0 (t) is the radius of a spherical or cylindrical particle.
The above assumptions apply to all the different particle shapes we discuss later, any specific assumptions required for any given particle shape will be introduced at the appropriate point in the analysis.
In equation (1.2) ∂ α /∂t α denotes a fractional derivative of order α , which we take to be the Caputo fractional derivative of order α where 0 < α < 1 . The Caputo derivative of a suitable function f (t) is given as
For this case and planar, cylindrical or spherical particles, the diffusion equation reduces to
3)
where λ = 1, 2 or 3. We remove the dependence on D 0 by writing
then the above equation reduces to
where F (C) ≡ 1 here. The flux condition (2.1) at the particle matrix interface becomes
where
0 r 0 . We thus need to solve (2.3) subject to conditions C = C 0 at r = r 0 (t) (2.6) and to condition (2.5) to determine r 0 (t) .
We look for a solution in terms of the variable
assuming that C = C(η) only. In addition, we write
We solve this equation formally by multiplying through by η s+1 and integrating over η from zero to infinity.
2.2.1.
The case of spherical symmetry when λ = 2. We define
and with the condition that φ → 0 as η → ∞ we obtain the difference equation
this difference equation reduces to
with A an as yet unknown constant. Clearly multiplying U (s) by any periodic function of period two will still satisfy the difference equation. However,φ(s) is a Mellin transform and by the Riemann-Lebesque lemma must tend to zero as |Im(s)| tends to infinity in its strip of regularity. Note also that if we assume
14) then (2.5) reduces to
We thus find thatφ
where A is a constant to be determined and since α < 2 from (2.16) we have thatφ(s) tends to zero as |Im(s)| tends to infinity. This follows from the result
as |y| → ∞ (see e.g. Bleistein and Handelsman [4] ).
To determine the constant A, we can invert (2.16) by the Mellin inversion theorem and use condition (2.15). The unknown value β then follows from satisfying the boundary condition
together with the condition that C tends to C ∞ when η tends to infinity.
Rescaling the variables by writing
we have
with γ > 0. Using (2.22) in expression (2.21) gives a transcendental equation from which β can be determined. This can of course be solved numerically, and analytic expressions can perhaps be obtained by using asymptotic expansions of the integrals in
2.2.2.
Cylindrical symmetry and planar λ = 0, 1. Now we define
with the condition that Q 1 tends to zero as η tends to infinity. We obtain from (2.10) with
multiplying through by η s+λ and integrating over η from zero to infinity the result:
If we now define 
If λ = 0, this has a solution U 1 (s) = Γ(s − 1) being as before arbitrary up to a multiple of a function of period 2, but subject to the condition that Q 1 (s) is a Mellin transform. When λ = 1 we have the product s 2 on the right hand side of (2.28)). We thus obtain:
. (2.30)
The case of variable diffusivity
Following the procedure of Section 2, we have the governing equation from (2.10) as
and the flux condition at the moving boundary
We cannot, of course, solve this non-linear problem exactly in the way we did in Section 2 for the constant diffusion case. However, we can follow the method outlined by Atkinson [1] , 1974, for the classical diffusion problem and obtain asymptotic solutions directly. These results can be compared to the results obtained in the last section where asymptotic expansions could be deduced from the integrals of the exact solution.
Before discussing suitable perturbation methods for this non-linear problem it is convenient to rewrite (3.2) in terms of the function
Then if we also define
2) can be rewritten as
with the condition
Slow growth (β << 1)
This is the case when
We might expect that to investigate the solution close to the boundary η = β, the geometry there is important (e.g. a sphere for λ = 2 and a cylinder for λ = 1). If we define an 'inner' co-ordinateη by 
(3.11)
We now look for solutions valid close to the boundaryη = 1, as an expansion in powers of β 2 , i.e.
where the superscript (i) denotes an inner solution, substituting from (3.12) into (3.11) gives dG
with solution G
(3.14) Associated with the expansion (3.12), we write
so applying the boundary condition (3.8) we have the solution:
Note that for λ = 2, Φ (i) 0 can satisfy both conditions (3.8) but for λ = 1 we can only satisfy the inner boundary condition at η = β(η = 1) , and the constant A is to be determined.
The outer solution η >> 1
When we look for a solution valid for η >> 1, we expand F V (η 1 ) ≡ F 1 Φ(η 1 ) about the solution valid at infinity. This is clearly Φ = 1 so we look for an outer solution of the form
where δ is to be determined but is assumed small compared to unity. Expanding the function F 1 (Φ) by Taylor's series we have
dΦ is evaluated at Φ = 1. From the relation (3.9) and the definition (3.5), we can show that
and 19) substituting the outer expansion
into equation (3.7) and equating like powers of δ gives
which defines the operator B 0 , and
multiplying equation (3.21) by η s+λ and integrating over η from zero to infinity gives
These equations can be simplified by writing
We are interested here in the spherical particular case where λ = 2. Then (3.26) has the solutions
where C 0 is arbitrary hencē
and
If we now rewrite this in terms of the inner co-ordinateη defined in (3.10) and expand for β << 1 we have
, and hence from (3.18) we have
expanding Φ
0 up to order βδ.
Inner solution for spherical growth λ = 2
Since from equation (3.6)
equation (3.11 ) is satisfied up to order β by
where A 1 is to be determined and
2 + . . . (3.32) substituting in (3.11) and equating coefficients of β 3 gives 
in terms of the outer co-ordinate η i.e. putη = η/β and then expand in terms of β for fixedη. We find
, and hence
as β tends to zero for fixed η
(1) which can be simplified using the identity
to give
. (3.37)
Asymptotic matching
If we consider the three term inner expansion, i.e. Φ (i) 0 + βΦ
and rewrite it in terms of the outer co-ordinate η (whereη = η/β) and expand up to order β for fixed η we expect this to match term by term with the two term outer expansion written in inner co-ordinates (where η = βη) expanded up to β 2 , i.e. the three term inner expansion expanded up to 2 terms in the outer co-ordinate should match with the 2 term outer expansion expanded up to 3 terms in the inner co-ordinate. When we do this to find
where A 1 is yet to be determined. The corresponding result for the outer solution is
Hence δ = β and we are left with three equations to be satisfied by the two unknowns A 1 and C 0 . Matching the constant and 1/η terms gives
Finally the term proportional to η =ηβ matches provided
which follows from equation (3.37) and the definition F 1 (1) ≡ F (0) given just before equation (3.19) . From (3.5) we have
Thus from (3.4) we have an equation for β
and for slow growth (β << 1) equation (3.31) gives
Hence
which agrees with the corresponding result when α = 1 given in reference, see Atkinson [1] . Thus for slow growth the concentration dependent diffusion coefficient problem agrees with the constant coefficient case provided this constant is an average of the non-linear one. This simple result is however modified if higher order terms such as those due to A 1 , β in expression (3.42) are taken into account. We note also that in the case α = 1 these higher order terms can be shown to agree with those given in [1] for both the inner and outer expansions of the spherical growth case when differences in notation are taken into account.
Concluding remarks
We have shown in Section 2 how some moving boundary problems involving time fractional diffusion can be solved exactly, although for explicit results asymptotic method might have to be applied to integral representations of the solutions. It seems natural that the growth conditions given in equation (2.1) should involve fractional differentiation of the boundary motion since the derivation of the time fractional diffusion equation in terms of flux into a control volume (equation (1.2) ) requires a consequent time fractional change in the composition inside the control volume. If equation (1.2) holds but not (2.1), then the similarity change of variable we use would not be consistent. In Section 3 the problem is generalized to include the non-linear problem of a composition dependent diffusion coefficient. For this case we consider only the case of spherical growth and develop the solution when growth is small by means of singular perturbation theory, thereby generalizing one of the problems considered in Atkinson [1] to the fractional diffusion case.
